A hyperbolic bration is set of q ?1 hyperbolic quadrics and two lines which together partition the points of PG(3; q). The classical example of a hyperbolic bration comes from a pencil of quadrics; however, several other families are known. In this paper we construct a new family of hyperbolic brations for odd prime powers q.
Introduction
Let GF(q) denote the nite eld of order q, and let GF(q) denote the nonzero elements of this eld. Throughout the paper, PG(n; q) will denote n{dimensional projective space over GF(q). In recent years, many authors have studied di erent ways of partitioning PG(n; q) into various surfaces. For instance, PG(4m + 1; q) may be partitioned into q 2m+1 +1 q+1 Segre varieties S 1;2m , while PG(4m+3; q) may be partitioned into a certain number of Segre varieties S 1;2m+1 together with a certain number of (2m+1){dimensional subspaces (see 13] ). In addition several authors (see 9] and 16], for instance) have investigated the possibility of partitioning projective spaces into caps (i.e., point sets with no three points collinear). These caps are often the intersection of various Hermitian or quadratic surfaces (see 6] ). One of these cap partitions turned out to be very useful in the classi cation of two{dimensional ag{transitive planes (see 2]).
In the present paper, we discuss partitioning PG(3; q) into q ? 1 (mutually disjoint) hyperbolic quadrics and two (skew) lines. Such a partition of the points of PG(3; q) will be called a hyperbolic bration. As usual, we model PG(3; q) as a 4{dimensional vector space over GF(q) using homogenous coordinates. The classical example of a hyperbolic bration comes from a standard pencil of quadrics. For a quaternary quadratic form F over GF(q), let V (F ) denote the set of zeroes of F in PG(3; q). When F and G are two such forms, with V (F ) 6 = V (G), the set fV (F +tG) : t 2 GF(q) f1gg is a pencil of quadrics. A pencil consisting of two lines and q ? 1 hyperbolic quadrics of PG(3; q), whose members are necessarily mutually disjoint, is a hyperbolic bration which we call a hyperbolic pencil or H{pencil for short. To explicitly construct such a pencil, let f be an irreducible, binary quadratic form. Then the set of hyperbolic quadrics: fV (f(x 0 ; x 1 ) + tf(x 2 ; x 3 ))jt 2 GF(q) g together with the two lines V (f(x 0 ; x 1 )) and V (f(x 2 ; x 3 )) is easily seen to be a hyperbolic pencil (see 4] ). The existence of hyperbolic brations which are not pencils has been demonstrated for odd prime powers q in 11] and for odd powers of 2 in 7].
In the next section, we discuss the known hyperbolic brations for q odd.
We then consider a pencil of quadrics which partitions the points of PG (3; q) but is not a hyperbolic pencil. By suitably replacing half of the quadrics in this pencil, we are able to obtain a hyperbolic bration for any odd prime power q. We show that this bration is new (at least for q > 7) , and then in later sections discuss the spreads of PG(3; q) (and associated translation planes) obtained by choosing one ruling family of lines for each hyperbolic quadric in the bration. Several interesting cyclotomic questions are addressed along the way.
Some Families of Hyperbolic Fibrations
For the remainder of this paper q will be an odd prime power. Suppose`0 and`1 are a pair of skew lines in PG(3; q). If fe 0 ; e 1 g is a basis for`0 and fe 2 ; e 3 g is a basis for`1, then fe 0 ; e 1 ; e 2 ; e 3 g is a basis for PG(3; q). We let (x 0 ; x 1 ; x 2 ; x 3 ) denote homogeneous coordinates for PG(3; q) with respect to this ordered basis. Note that`0 = V (ax In all known hyperbolic brations, the two lines are conjugate with respect to each of the hyperbolic quadrics. Thus the lines and quadrics may be represented by such six-tuples. In fact, one can typically x either the rst three or last three coordinates of the six-tuple. The following result, which the reader may easily verify (see 13]), illustrates the appeal of this coordinatization. There is another (projectively inequivalent) family of hyperbolic brations for odd q which has been known for at least a decade, although not explicitly described in this language. These brations exist as a byproduct of the fact that spreads obtained from a (q + 1){nest, as discussed in 11], may be partitioned into two lines and q ? 1 (mutually disjoint) reguli. Using a lemma about the arithmetic of the nite eld GF(q 2 ), we will be able to describe this family without establishing the connection to (q + 1){nests. To that end let be a primitive element of GF(q Proposition 2.2 The set C = fz : z q+1 = ?1g of (q + 1){st roots of ?1 in GF(q 2 ) is the union C 1 C 2 of two equicardinal subsets with the property that the di erence of any two distinct elements of C is a nonsquare or square in GF(q 2 ) accordingly as the two elements come from the same or di erent subsets.
Proof: Using the above notation, the q + 1 elements of C are precisely f 2n+1 : n = 0; 1; 2; : : :; qg. We thus de ne C 1 = f i : i 1 (mod 4)g and C 2 = f j : j 3 (mod 4)g. Clearly C 1 and C 2 partition the elements of C, and both subsets have cardinality 1 2 (q + 1). Morevover, using the fact that q = ? ? in GF(q) and let t 0 be such that t 2 0 (1 ? 4 ) ? 1 is a nonsquare in GF(q) (in fact t 0 = 0; 1 will su ce according to whether ?1 is a nonsquare or square in GF(q)). Letting J be the H{pencil previously de ned, we now let J 0 be the subset of J consisting of`0,`1 and hyperbolic quadrics V t; t; t ; 1; 1; ] where t is a nonzero element of GF(q) so that (t?t 0 ) 2 (1?4 )?1 is a nonsquare in GF(q). Simple cyclotomy (for instance, see 8]) shows that J 0 has 1 2 (q + 1) quadrics, including the degenerate ones (the lines) for any odd q, and hence we need 1 2 (q + 1) more hyperbolic quadrics to form a bration. We do this by using one of the subsets, say C 1 , from the previous proposition. Namely, for any z in C 1 (q + 1) elliptic quadrics. So Q contains the same mix of quadrics as does P. However, Q is not a pencil and the quadrics in Q are not pairwise disjoint. We wish to show that the set Q 0 consisting of the hyperbolic quadrics in Q together with the line V 0; 0; 0; 1; 1; ] of Q will pair with the set P 0 to form a hyperbolic bration. To this end, de ne F = P 0 Q 0 . We know F contains the correct number of lines and hyperbolic quadrics to be a hyperbolic bration, therefore it remains to be shown that the elements of F are pairwise disjoint. We rst note that the lines V 1; 1; ; 0; 0; 0] and V 0; 0; 0; 1; 1; ] are each disjoint from all other elements of F. Also, the construction of Hirschfeld and Bruen 4] ensures that the hyperbolic quadrics in P 0 are disjoint. Therefore, we need only concern ourselves with the hyperbolic quadrics in Q 0 . Lemma 2.5 Every hyperbolic quadric in Q 0 is disjoint from every hyperbolic quadric in P 0 .
Proof: Let H 1 = V t; t + 1; t; 1; 1; ], with (t + 1) Proof: By Lemma 2.5 and the discussion preceding it, we know that the hyperbolic quadrics of Q 0 are contained in the point set of PG(3; q) covered by the elliptic quadrics of P. Thus it su ces to show that no point lying on an elliptic quadric of P lies on two hyperbolic quadrics of Q 0 . To this end, let P = (x 0 ; x 1 ; x 2 ; x 3 ) be an arbitrary point of PG(3; q) which is contained in some elliptic quadric of P. Then, there exists a unique a 2 GF(q) with Note that s cannot be zero; if so, both x 0 and x 1 would have to zero, which would force P to be a point of the line V 1; 1; ; 0; 0; 0]. This cannot happen since the elements of P are pairwise disjoint, and P was assumed to be a point of an elliptic quadric of P. We may then assume that b 1 b 2 is a nonsquare, which implies (2b 1 )(2b 2 ) is also a nonsquare. Thus exactly one of 2b 1 or 2b 2 is a nonsquare. Therefore, exactly one of the quadrics of Q containing P in this case is hyperbolic while the other is elliptic. With all cases considered, no two hyperbolic quadrics of Q 0 meet in a point of PG(3; q) lying on an elliptic quadric of P, thereby implying the quadrics in Q 0 are pairwise disjoint as discussed above.
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Combining these two lemmas, we have:
Theorem 2.7 F is a hyperbolic bration.
To show that the hyperbolic bration F is distinct from the previously considered examples, it su ces to show that F contains no linear sets of more than two quadrics. We begin with a simple lemma regarding the form of the quadrics in a linear subset of F. Lemma Proof: Two hyperbolic quadrics form a linear set if and only if the pencil of quadrics they determine is a hyperbolic pencil. It is easy to see that if such a k exists, then the pencil determined by our two quadrics is hyperbolic.
Conversely, suppose that our two quadrics generate a hyperbolic pencil. We rst note that the form of our quadrics ensures that the lines V 1; 1; ; 0; 0; 0] and V 0; 0; 0; 1; 1; ] are conjugate with respect to the polarity associated with each of Q 1 and Q 2 . Further, in a hyperbolic pencil, the two lines in the pencil are conjugate with respect to any polarity associated with a hyperbolic quadric in the pencil. 
Using this lemma, we can now completely determine the only possible nontrivial linear set of quadrics in F. Theorem 2.9 Suppose N is a linear set of two or more quadrics of F. Then q 3 (mod 4) and N is unique, having cardinality two.
Proof: We rst note that N can contain at most one quadric from P 0 , as the quadrics in P 0 lie in a pencil which is not a hyperbolic pencil, and thus any pair of them generate this nonhyperbolic pencil.
Next we show that no two quadrics from Q 0 lie in N. Suppose Q = V c1 ; b; c 2 ; 1; 1; ] is a quadric in Q 0 \ N, and suppose there exists a quadric R distinct from Q in Q 0 \ N. Then, by Lemma 2.8 we know there exists k 2 GF(q) n f0; 1g such that R = V kc1 ; kb; kc 2 ; 1; 1; ].
Since Q is a quadric in Q 0 , we know that c 1 is a root of Equation 3, i.e. 2
The following result establishes that the hyperbolic bration F is distinct from the previously considered brations J and H for su ciently large q. We will soon see that F is also distinct from the brations arising from j{planes. Corollary 2.10 Let J , H, and F be the hyperbolic brations described above. 
3 Spreads From Hyperbolic Fibrations
Let S be a spread of PG(3; q). We say S admits a regular elliptic cover if there exists a set of q ? 1 pairwise disjoint reguli contained in S and hence S can be partitioned into these reguli and the two remaining lines of the spread. It is well known that the Andr e spreads admit a regular elliptic cover, and it has been shown that any spread obtained by replacing a (q +1)-nest admits at least two such covers (see 11]). As mentioned previously, the spreads associated with j{planes also admit regular elliptic covers (see 15]).
Since the lines of any regulus cover the points of a hyperbolic quadric in PG(3; q), a regular elliptic cover of any spread naturally induces a hyperbolic bration. Conversely, any hyperbolic bration gives rise to 2 q?1 spreads, each admitting a regular elliptic cover, by choosing one of the two ruling families of lines for each hyperbolic quadric in the bration. We say that the bration spawns these 2 q?1 spreads. As thoroughly discussed in 12], a hyberbolic pencil spawns two regular spreads and 2 q?1 ? 2 Andr e spreads (including the Hall spreads). A set of mutually disjoint reguli in a regular spread is called linear if the corresponding hyperbolics form a linear set as previously de ned; that is, if they lie in a hyperbolic pencil. Since every regular elliptic cover of a regular spread consists of a complete linear set of q ? 1 reguli and two lines (see 17] for the q odd case), the only hyperbolic bration that can be induced by a regular elliptic cover of a regular spread is an H{pencil (unique up to projective equivalence). The same result seems intuitively obvious for Andr e spreads, but is surprisingly hard to prove (see the following proposition).
In this section we discuss various properties of the spreads known to admit regular elliptic covers. We also discuss hyperbolic brations that might be induced from such spreads, possibly by di erent regular elliptic covers as yet undiscovered. Moreover, certain families of spreads are shown not to admit regular elliptic covers. Throughout the section a hyperbolic quadric is often identi ed with the set of 2(q + 1) lines it contains. Thus, if Q is a hyperbolic quadric and S is a spread, the symbol Q\S will denote the set of lines common to Q and S. Proposition 3.1 Let A be an Andr e spread in PG(3; q) for any prime power q > 3, and let J be a hyperbolic bration induced from any regular elliptic cover of A. Then, J is a hyperbolic pencil and therefore equivalent to J .
Proof: Suppose rst that A is an Andr e spread which is not a Hall spread. Then there exists a regular spread such that A can be obtained from by reversing the reguli in a linear set of reguli in . Since A is not a Hall spread, this linear set contains at least two reguli and thus extends uniquely to a complete linear set L of reguli in . Thus there exists a hyperbolic pencil H such that each regulus in L is a ruling family of some hyperbolic quadric in H. De Since A is not a Hall spread, we know k > 1. Hence, the reguli R 1 and R 2 are two reguli in the linear set L 0 . Since these two reguli are contained in A 1 , we know they are H-reguli, and so the quadrics they determine generate the hyperbolic pencil H. But this implies that each regulus R 1 ; : : : ; R k ; R k+1 ; : : : ; R q?1 is an H-regulus, which implies that each of the reguli R k+1 ; : : : ; R q?1 is an Hregulus as well. This forces J = H and completes the proof for Andr e spreads which are not Hall spreads, when q 5.
Since the only nondesarguesian Andr e spread for q = 4 is the Hall spread, it su ces to consider the case when A is a Hall spread with q 4. Then there exists a regular spread and a regulus R contained in such that A = ( n R) R 0 , where R 0 is the opposite regulus to R. Since any regulus has q + 1 5 lines, any regulus of A that is not contained in must be R 0 . Thus any regular elliptic cover of A must contain the regulus R 0 and q ?2 reguli of . These q ?2 reguli, together with R must then form a ock of , which must be linear. Thus the hyperbolic quadrics associated with our regular elliptic cover form a linear set of quadrics, and the hyperbolic bration induced by this cover is a hyperbolic pencil.
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Having examined a regular elliptic cover of an Andr e spread, it is natural to ask if there are any other subregular spreads which admit regular elliptic covers. The answer is given by: Proposition 3.2 Let B be a subregular spread in PG(3; q) for any prime power q which is not an Andr e spread. Then, B cannot admit a regular elliptic cover.
Proof: Let B be a subregular spread which is not Andr e. Then from Orr 17], we know that there exists a regular spread S and a nonlinear set of reguli contained in S such that B can be obtained from S by reversing all of the reguli in that set.
By way of contradiction, suppose B admits a regular elliptic cover E = fR 1 ; : : : ; R q?1 g. Again from Orr 17] , we know that every regulus contained in B must be either a regulus in S, or the opposite of such a regulus. By reordering, let R 1 ; : : : ; R k be the reguli of E contained in S, and let R k+1 ; : : : ; R q?1 be the reguli of E whose opposites are contained in S. If we denote by R 0 i the opposite regulus to R i , then we have that the family fR 1 ; : : : ; R k ; R 0 k+1 ; : : : ; R 0 q?1 g is a ock of the regular spread S. So as above, we know that this ock must be linear. This is a contradiction, because it implies that B can be obtained from S by reversing a linear set of reguli, namely fR 0 k+1 ; : : : ; R 0 q?1 g. This would force B to be Andr e. Thus B cannot admit a regular elliptic cover.
We now turn our attention to the analysis of the spreads which arise from (q + 1){nests. These spreads are carefully described in 10] and 11]. Proposition 3.3 Let S be a spread obtained from a regular spread by replacing a (q + 1){nest with \opposite half{reguli".
1. S admits two regular elliptic covers which share a linear set of 1 2 (q ? 3) reguli, these reguli being contained in . To prove the second part, let H 0 = f`;`0; J 1 ; : : : ; J q?1 g be some hyperbolic bration induced by a regular elliptic cover of S 0 . We rst claim that for every i 2 f1; : : : ; q?1g, the regulus J i \S 0 is either entirely contained in L or contains at most four lines of L.
Recall from Proposition 3.3 that H i \ is a regulus for H i 2 K; indeed, is f`0;`1g together with exactly one ruling family (regulus) for each hyperbolic quadric of the H{pencil generated by K. Another regular spread 0 is f`0;`1g together with the opposite reguli of those from the H{pencil used in . For each H i 2 K, S 0 contains exactly one of the opposite reguli H i \ or H i \ 0 .
Let R be a regulus in S 0 , and suppose R contains at least three lines of L\ . Since R is a regulus which contains three lines of , R must be a regulus of . By Proposition 3.3, lines of \ S 0 can only be contained in L f`0;`1g. Therefore, R must contain at least q ? 1 lines of L. But by Part 1, this forces R to be one of the reguli H 1 \ S 0 ; : : : ; H1 2 (q?3) \ S 0 . A similar argument shows that no regulus of S 0 can contain more than two lines of L \ 0 without being one of the reguli H 1 \ S 0 ; : : : ; H1 2 (q?3) \ S 0 . Therefore, every regulus of S 0 is either fully contained in L or contains at most four lines of L.
Let be the number of reguli of the form J i \ S 0 which are fully contained in L. We note that this equals the number of hyperbolic quadrics J i such that J i = H k for some k 2 f1; : : :; 15 
Automorphism Groups
In this section, we focus on the collineation groups which leave invariant the spreads spawned from F, rst discussing the subgroup of Aut(PG (3; q) ) which leaves the hyperbolic bration F invariant. The following propositions show that this group is the same as the subgroup of Aut(PG(3; q)) leaving the pencil P invariant, where P is the pencil of type 3(d)(iii) from which F is obtained. Proposition 4.1 Every automorphism of PG(3; q) which leaves the pencil P invariant also leaves the bration F invariant.
Proof: Let be any automorphism of PG(3; q) which leaves P invariant.
Then leaves invariant the line 1; 1; ; 0; 0; 0], the set I of points covered by the 1 2 (q ? 1) hyperbolic quadrics of P , and the set E of points covered by the 1 2 (q + 1) elliptic quadrics of P. Recall that we obtain F by replacing the elliptic quadrics in P by the set Q 0 , which consists of The exact same arguments show that maps P 0 , the set of nonelliptic quadrics in P, onto itself. Since F = P 0 Q 0 , we nd that must leave F invariant.
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Proposition 4.2 If q > 7, then every automorphism of PG(3; q) which leaves the bration F invariant must also leave the pencil P invariant. Proof: Let be an automorphism of PG(3; q) which leaves F invariant. If maps P 0 onto itself, it must map P onto itself since two nondegerate quadrics determine a unique pencil, and we are done. Suppose this is not the case. Then the image of P 0 must be some other partial pencil R 0 consisting of one line and 1 2 (q ? 1) hyperbolic quadrics. In fact, this partial pencil R 0 can have at most one hyperbolic quadric in common with P 0 . So R 0 must contain at least 1 2 (q ? 3) > 2 hyperbolic quadrics of Q 0 .
Consider the pencil generated by two hyperbolic quadrics of R 0 \Q 0 , which are of the form Q 1 = c1 ; b; c 2 ; It is now clear that the q + 1 quadrics in the pencil described in the above paragraph have distinct second entries in the above form. However, with one possible exception, each hyperbolic quadric of Q 0 shares that second coe cient with one other quadric in Q 0 . Thus the partial pencil R 0 can contain at most 1 4 (q ? 1) hyperbolic quadrics of Q 0 if q 1 (mod 4) and at most 1 4 (q + 1)
hyperbolics of Q 0 if q 3 (mod 4). Since q > 7, this number is less than the required 1 2 (q ?3) hyperbolics, yielding our nal contradicition. Therefore, every automorphism which leaves F invariant must also leave P invariant.
From the above propositions we have Aut(P) = Aut(F). This implies that a spread spawned from F cannot be equivalent to any spread associated with a j{plane, as discussed in the proof of Theorem 3.5. Namely, since F contains First let H t = V t; t + 1; t; 1; 1; ] be a hyperbolic quadric in P 0 . The associated symmetric matrix for its underlying quadratic form is P 1 0 0 Q , where P 1 is the matrix t Proof: Using the notation established above, ? includes a linear collineation group G of order 2(q + 1) leaving F invariant. In fact G leaves invariant each member of the bration F. The involutions and also leave F invariant.
Straightforward computations show that and both normalize G and , the commutator of these two involutions, is contained in G. From this it follows that hG; ; i is a linear collineation group of order 8(q +1) leaving F invariant.
As mentioned previously, the cyclic subgroup G 0 of G with order q+1 leaves invariant every spread S spawned from F . This cyclic group is generated by In practice, at least for q 9, the full linear collineation group of any spread S spawned from F has order q + 1, 2(q + 1), or 4(q + 1), and the vast majority of the spreads admit only the cyclic group of order q +1 mentioned in the above theorem. Conversely, it should be noted that results of Jha and Johnson 14] imply that any two{dimensional translation plane of order q 2 which admits an a ne cyclic homology group of order q + 1 in its translation complement has an associated spread of PG(3; q) which necessarily admits a regular elliptic cover (and hence is spawned from some hyperbolic bration).
Concluding Remarks
We now have many examples of spreads of PG(3; q) admitting regular elliptic covers, although any sort of geometric classi cation of such spreads still seems far removed. However, we do believe these spreads are characterized by the fact (see above paragraph) that the associated two{dimensional translation planes have translation complements which contain a ne cyclic homology groups of order q + 1. That is, we conjecture that any spread of PG(3; q) admitting a regular elliptic cover (and hence inducing a hyperbolic bration) corresponds to a translation plane with such an homology action.
When q = 7, it has been veri ed by computer that one can obtain (q+1){nest spreads from the hyperbolic bration F constructed in Section 2. Such spreads will contain more than q ?1 reguli (see 11]). However, for q 9 we believe any spread spawned from F will not contain any reguli other than the q ? 1 reguli inherited from F: In a future paper we hope to attack this problem of additional reguli by considering the Pl ucker correspondence between lines of PG(3; q) and points of the Klein quadric. We also hope to sort out the isomorphism classes of the translation planes associated with the spreads spawned from F. We plan to do this by putting the entire construction process in a more general framework.
In particular, we plan to study general hyperbolic brations that either contain a \large" partial pencil or have their two lines forming a conjugate pair with respect to each of the quadrics in the bration. Another interesting question is whether the two lines in an arbitrary hyperbolic bration must form such a conjugate pair.
